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1 Introduction

In a generalised notation, the objective of any calibration procedure, is to find a solution to the
multidimensional, non-linear root-finding problem

fl®) = 0 (1)

for f € R™ andz € R™. Frequently, the problem is overdetermined,#e> n, and only a best

fit can be found that minimiseg (x)| where|-| is chosen to be a suitable vector norm. Examples

for multidimensional fitting algorithms are straight forward Newton-Raphson, variable metric
methods such as the Broyden-Fletcher-Goldfarb-Shanno algorithm, and nonlinear least squares
procedures such as the Levenberg-Marquardt or the NL2SOL method$-p2 DGW8]].

On other occasions, though, the probleih ¢an be underdetermined, ie. < n, due
to the fact that, for instance, a model that is to be calibrated effectively allows for a much
larger number of calibration parameters to be varied than there are calibration instruments. An
example for this is the calibration of the Libor market model of interest rates.

Wheneverm < n, the result of any algorithm used to solg ¢an be highly depend on the
initial guess, and can be undesirably sensitive to small changes in any of the parameter that are
part of the functional equatiofi(x) = 0 but are not subject to the fitting procedure. In this case,
the solution is considered to be not sufficiertpustor stable The consequence of this for the
calibration of a derivatives pricing model is that hedge ratios, if computed via re-calibration of
the model, have unacceptably large noise levels and become practically useless.

A remedy for the lack of stability of the numerical solution t (s to amend the main
problem by the introduction of a (usually somewhat idealised) reference point, and certain pref-
erence conditions. Typically, the reference point is also given as the initial guessridhe
subsequent numerical algorithm, and is denotedhy.... The amendment oflf is then given
by the task to solvel] whilst trying to minimise the preference norm

: (m - wreferencg—r' (33 - mreferencg (2)

N —

1
p(x) = 5-:1:T-S-a: +

for some symmetricpreference structure matrix

1This is no loss of generality since any matrix can be decomposed into the sum of a symmetricShaattix
an asymmetric matrixl, and for anyz we havex"- (S+ A) -z =z '- S -z sincez' - A-x = 0.



2 Newton-Raphson subject to Lagrange multiplier conditions

Let us denote the Jacobian pfas.J € R™*", i.e.

J@) = (Va-f7)', 3)

which means that thg:, i)-element ofJ is given by the partial derivative of theth element of
f with respect to the-th element ofe: j,; = 0., fr. Thek-th step of a Newton-Raphson itera-
tion that is to take us front® to 2(*+1) must satisfy the Newton-Raphson stepping equation

Jo (9 — g0y = f, (@)
or, equivalently,
€ (w(k“)) =0 %)
with
Jp = J(a@®) (6)
fi = f&®) (7)
e (z*)) = Jpoa® — g 2® oy f (8)

The core idea of the stabilised Newton-Raphson algorithm is that each step, instead of being
determined by the solution 05), is to find the vector:**+1) that minimises the modified pref-
erence norrh

1
ﬁ(w(k+1)> = 5 ’ w(kJrl)T' M ' w(kJrl) - w(k+1) T' wreference+ e;cr (w(kJrl)) ’ )\k (9)
with M := S + 1 in away that is locally independent oq, i.e. subject to
Vi p(w(kJrl)) = 0. (10)

This approach is, of course, the method of Lagrange multipliers to incorporate affine constraints
on the minimisation of a nonlinear objective function, and the constraiti¢ identical to the
Newton-Raphson step conditioB)( Minimising (9) subject to 10) is thus equivalent to the
solution of the system

M - w(k+1) = Treference — Jl;r Ak (11)
Jo -2 = Jg® (12)
In the following, we require that the matrix ought to be positive definitewhich is essentially

equivalent to the assumption that the added preference structure conditions contained in the
original matrix.S are not mutually exclusive. We can thus sol¥é)(for the next guess:

m(k+1) = M_l' Lreterence — M_l' J,I;r Ak (13)

2We have subtracted the irrelevant constant @[, o Treference

3 |t is possible to derive a stabilised multidimensional root finding algorithm without the requiremehf for
to be positive definite. In that case, however, a singular value decompositibh.ohas to be performed which
means that the method cannot be used in practice when the number of entries in the vegamny large.
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In order to find\,, we definer := M- x,......and substitute the above formal solution for
x*+1) pack into (2):

Gr- A = Jo-(r—a®) + f, (14)
with
G = Jk'M_l'Jl;r, G e R™m (15)

Sincem is typically much smaller than, and since it is just possible that the set of calibration
instruments is nearly singular, it is advisable to solve equafidhlfy the aid of a singularity-
safe method such as the Moore-Penrose metAdua/P]. Also, sincen can potentially be a
large number, direct calculation 8f ~! is to be avoided. This is possible sint&~! only ever
appears in combination With, or Z,.....in the above equations. We thus defiig as the
solution of

M-H = JI (16)
which means that
Gy = Jo-M*'Jl. (17)
The solution of thé:-th iteration is now given by
*tD) — p — HT. N, (18)
Note that thek-th increment inz, i.e. Ax®) := z*+1) — 2*) s given by
Az®) = 1-Mtgl-Gtd) (e —2®) - MR G f (19)

and that the change in the objective function vedigf, := f,., — f, is, to first order, given
by

Ji - Ax®) = Jk-(l—M_l-J,:-Glzl-Jk) . (’r—m(k)> — Jk.M_l.JJ.Glzl.fk
= (1—Jk-M_1-J,j-G,;1)-Jk-(r—m(k)) — Jk.M_l.J’;'—.Glzl.fk
= (1-Gp-GY) - (r—a®) — G-Gt- fy (20)

The notationG,;1 hereby stands for the Moore-Penrose inversé;pfwhich is defined even
when the symmetric matriks, has zero eigenvalues. The interpretation of the decomposi-
tion (19) is as follows: First, in order to obtain the incremext® that will take us frome(*)

to (**1), computeminimum reference bias step

Awr(r1]i€n)imumbias - M_l' Jl;r Glzl fk . (21)

Then, take the difference vector between the preference-corrected referancec*), and
project it such that the remaining projection represents a move as closely as possible to the
preference-corrected referengewhilst not violating the Newton-Raphson conditiob) by
means of projection onto the kernel of the Newton-Raphson step opéraftot- J, - G ')
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applied to theangeof (r — *)) under.J,. In other words, imagine we were to simply add
(r — 2®) to the minimum bias stepz™) - If the minimum bias step moves us to an up-

dated guess for which the objective vector is identically zero, i&x in)imum bias MOVES US t0 a SO-

lution of the calibration problem, then, to first order, the additio(wof- z*)) would mean that

Frir = Ji. - (r —2®) which in turn would mean that, thereafter, we have to take another step
to compensate. This subsequent step, though, to first order, would start with the minimum bias
component\/ ~*.J;-G; " f .., which in turn would be, to first orde¥/ —*..J,- G - Ji- (1 — ™).

Thus, instead of addinér — w(k)) to the minimum bias step in theth iteration, we only add

the projection of(r — x*)) that will not* give rise to the need of additional corrections in the
next step, i.e(1 — M~'- J- G ' Jy) - (r — =), Itis, incidentally, easy enough to see that

P, =Mt J!-G.' J, is aprojection operator, i.e. satisfi&s = P, for any positive integer

[, and thug(1 — P;) is also a projection operator, whence one may sagtabilised Newton-
Raphson step consists of the minimum bias increment that moves the current iteration point
towards a solution of the nonlinear problem satisfying the given preference structure conditions
as closely as possible, plus the projection of the current distance to the preference-structure
corrected reference point onto the kernel of the Newton-Raphson step operator

In practice, the complete steff9) may easily move the current point outside the range
within which the linear approximation that is at the heart of the Newton-Raphson method is
valid. This may happen for two reasons. Firstly, the projectiofrof- =) onto (1 — P)
may be very large due to the fact that the current point is a long way away from the preference-
structure corrected reference point This happens when calibration can only be achieved at
a considerable distance from In this case, it is advisable, if the iteratiar¥®) to «(*+1) did
not succeed in an improvement of the chosen error norny faf*+1), to reduce the size of
the contribution in the direction towarasin a binary nesting loop until either an improvement
of f(xz*+Y) over f(x®) has been achieved, or until the binary nesting size is below machine
precision. Secondly, the miminum bias increment itself may be too large due to the Newton-
Raphson step operator being nearly singular or due to the fact that the current point is a long way
from calibration. Thus, if the minimum bias step alone still does not lead to an improvement
of | f|, it may be necessary to carry out a secondary binary nesting to scale down the step size
alongAmfn’f,ﬂmum wias UNtIL @an improvement in the objective function can be found. Naturally, if this
also fails, the fitting procedure must terminate and return the currentpéint
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