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Abstract
In this note, we discuss Padé schemes [Smi86, chapter 3, pp 116-124] for the
numerical integration of spatially discretized parabolic partial integro differential
equations.

1 Introduction

There are many numerical schemes for the approximation of solutions to the parabolic
partial integro-differential equation of the form

u+L-u=0 (1.1)

with L being a Sturm-Liouville operator. Among them are, apart from simulation tech-
niques by virtue of the Feynman-Kac theorem’s transformation, various finite differencing,
as well as finite element methods. In this note, we elaborate on the properties of some
temporal finite differencing schemes with a particular emphasis on their categorisation as
Padé approximants of the analytically exact solution.

2 Finite differencing schemes

Standard finite differencing schemes for equations of the form (1.1) are based on a spatially
discretised approximation L of the Sturm-Liouville operator L, and a time-propagator
A = A(t,At, L) that is applied iteratively to the (terminal, or initial, depending on your
application) spatially discretized representation @ of u. The standard iteration is simply

a(t — At) = A(t,At, L) - a(t) (2.1)

where we have assumed that the desired direction of solution is backwards in time. Ana-
lytically, we know of course that the formal solution to (1.1) is

u(t) = et L5y (T) (2.2)
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which translates directly to the spatially discretized version
a(t) = e L9 (1), (2.3)

It is clear from here that, for a time-homogeneous setting, a scheme whose time-propagator
is

A=Al (2.4)

incurs no temporal discretisation error. Unfortunately, the explicit computation of (2.4)
requires the full diagonalisation of the operator L which is a task that is numerically
much harder than finding a numerical solution to (1.1). Nevertheless, we commonly use
the Taylor expansion of any given scheme’s time-propagator A to compare with the Taylor
expansion of eAtL £ determine the scheme’s temporal convergence order.

A first order direct expansion of eAtL Jeads to
Anoy=1+At-L (2.5)

and this is known as the first order fully explicit scheme (and we shall explain the subscript
in due course).

3 Padé approximants

Clearly, many other approximations for A to AL are possible. The family of functions
of the rational form
P(9) 14 pi6 + po6? + - - + p 0™

A(L) = R(m,n)(e){ngt.Z = Qn(e) = 1+q19+q292++qn0n (31)

are called the Padé approzimants of order (m,n). The coefficients of R, »)(0) are selected
to match the first (m + n) derivatives of e’ at zero, in line with the common meaning of
Padé approximations. For e”, they are explicitly known [Pad92, Var61]:

e’ = Z][O mjam ) +0 (x(m+"+1)) (3.2)
im0 Cmonyn + (=)

with ( 1
m+n — 7)k!
Cmon.gik (m+n)ljl(k — 7)! (3:3)

As a first example, let us consider the (0,1) Padé approximant

1
Ron(0) = 12 (3.4
When we substitute this into the time-propagation rule (2.1), we obtain
Ut — At) = (1 — At- L)™' - a(t) (3.5)



which, in the context of linear operators, of course, simply means that we have to solve
the system

(1 —At-L)-a(t — At) = u(t) (3.6)

for @(t— At). This scheme is conventionally known as the first order fully implicit scheme.

Next, consider the (1,1) Padé approximant

1+ 16
Ron(®) = 3 (3.7
2
which gives us
(1—IAt-L)-a(t — At) = (1 + 1At - Lya(t) (3.8)
also known as the Crank-Nicolson scheme.
Of particular interest in this note is the (0,2) Padé scheme
(1—At-L+ 3 A L%) - a(t — At) = a(t) (3.9)

which we shall refer to as the second order fully implicit (0,2) Padé scheme.

Remark 3.1. The literature is unfortunately not unanimous on the notation of the Padé
indices (m, n) in the context of finite differencing schemes for parabolic partical differential
equations. This seems to depend largely on whether the approximant for e* or e™” is
referred to, and on whether the respective parabolic equation is being solved forward or
backward in time. Smith [Smi86, chapter 3, pp 116-124], for instance, refers to the first
order explicit scheme as the (0,1) scheme, as does Varga [Var61], and to the (1,0) Padé
approximant as the backward implicit scheme, and so on, whereas other authors [TZA 106,
WEKY 07, Sid10] tend to use the notation that relates the first index m in (m,n) to the
explicit part and the second index, n, to the implicit part of the calculation. We use the

latter notation throughout.

4 Stability and oscillations

The numerical stability of any time-propagation scheme is governed by the eigenvalues
of its time-propagator A. Modes associated with eigenvalues larger than one in absolute
value will grow with each iteration of (2.1). Modes with eigenvalues whose real parts are
negative respond with a sign reversal under (2.1), making them appear to oscillate, or
ring, as we iterate. When all eigenvalues are inside the unit circle, or exactly at one on
the real axis, the scheme is considered unconditionally stable. Schemes with eigenvalues
with negative real parts are referred to as oscillatory, or ringing. When all eigenvalues
have non-negative real parts, the scheme is considered non-oscillatory, or quiet.

For Padé approximants, the spectrum of A can readily be related to the spectrum of
L since for every eigenvector x; of L that satisfies



we have

Rimmy (AL X)) - QAL L) - @, = Py(AL- L) -

and thus
Ry (At - L) - @; = Ry (AL \) - ;. (4.5)

In other words, the eigenvector @; of L with eigenvalue )\; is also eigenvector of Ry (AL - l~})
with eigenvalue R, n) (At - \;).

5 Pure diffusions

Consider a linear operator L whose matrix representation is given by

2 1 0 0 - 0
1 -2 1 0
L= 0 b =2 1 (5.1)
0
: 1 -2 1
0O -+ --- 0 1 =2

This form arises from the centered uniform discretisation of pure diffusions in one di-
mension'. The matrix (5.1) is a special variation of the family of Toeplitz matrices. Its
eigenvalues are well known [Ray94], [Smi86, chapter 3, page 120, between (3.14) and
(3.15)] to be

A = —2 4+ 2cos (]\’f—fl) (5.2)

with N being the spatial discretization number. Eigenvalues with a higher index £ are
associated with higher spatial frequencies, which means that a good time-propagator
should ideally have eigenvalues monotonically decreasing in absolute value with increasing
index k since diffusions dampen out high frequencies. Note that for (5.2), the eigenvalues
for low k are near 1, and, as k increases, converge to -4. An example is shown in figure 1.

Given that the eigenvalues of (5.1) are always bounded by [—4, 0], the spectrum of any
specific (m,n) Padé approximant time-propagator for a pure one-dimensional diffusion is
bounded by the range to which the interval [—4 - At, 0] is mapped by the respectively
associated function R, n)(-). We show the stability implications for the first five Padé
schemes as a function of the time step size At in figure 2. We can see that the standard first

! The symmetric form shown in (5.1) does in fact include a Dirichlet boundary condition of the solution
being zero on either edge, with the edge nodes being excluded from the discretization. The following
discussion is, however, in practice, largely unaffected by the small difference in the spectrum of L that
arises from the choice of different boundary conditions.
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FIGURE 2: The first five Padé approximant schemes’ stability zones.

order fully explicit (1,0) scheme is stable when At < 1/2, and quiet when At < 1/4. The
second order (1,1) Crank-Nicolson scheme starts ringing at At > 1/2 but remains stable
for all At. The second order fully explicit (2, 0) scheme given by R(2,0)(A) = 14+A+3A? has
the same stability range as the first order scheme, but never oscillates. In contrast, both
the first and the second order fully implicit schemes, (0, 1) and (0,2) are unconditionally
stable and quiet.

The above observations have been made for pure one-dimensional diffusions. It is
worth noting, however, that even where analytical proofs have not been obtained, it
has been observed empirically that most of the stability properties still apply when multi-
dimensional diffusions, or even other types of PIDEs, are discretized, including correlation,
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as well as when convection terms are being added.

In figure 3, we show the behaviour of the fully explicit (1,0) Padé scheme for three
different step sizes: in (a), we have a small step size such that the scheme appears to
converge smoothly; in (b), the step size is beyond 1/4 such that we observe the onset of

oscillations caused by negative eigenvalues; and in (c), the step size is greater than 1/2
and the scheme has become unstable. In contrast, we show in figure 4 the behaviour of

FIGURE 3: The (1,0) Padé scheme subject to an input given by a central spike for different time step sizes

and up to k = 8 iterations. In (a), we have At = 0.24, in (b), At = 0.4, and in (c), we have At = 0.564.

Note that the oscillations in (b) die down as the scheme is iterated, meaning that these are the signature
of negative eigenvalues and not instabilities.

the (1,1) Padé scheme for two different step sizes, and the (0,1) scheme for just one large

step size.
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FIGURE 4: The (1,1) and (0,1) Padé schemes subject to an input given by a central spike for different

time step sizes and up to k = 8 iterations. In (a), we have the (1,1) scheme with At = 0.6, and in (b), the

same scheme with At = 2.5. In (c), we have the (0,1) scheme with At = 2.5. Note that the oscillations

in (b) die down as the scheme is iterated, meaning that these are the signature of negative eigenvalues

and not instabilities, and that the fully implicit (0,1) scheme shows no oscillations nor instabilities even
for the large step.



6 Direct implementation of the (0,2) Padé scheme

For pure one-dimensional diffusions, an explicit matrix representation of the linear system
that needs to be solved for the (0,2) Padé scheme

~ 11 ~ ~
Aoy (At - L)} - [1 ~ At L4112, LQ} (6.1)

results in a pentadiagonal matrix. In comparison, both the first order (0,1) scheme,
and the (1,1) scheme give rise to a tridiagonal system, and hence standard procedures
of explicit substitution to solve the respective linear systems are, judging by the mere
number of required floating point operations, more than twice as fast for the (0,1) and
(1,1) schemes. This makes especially the (1, 1) Crank-Nicolson scheme often the preferred
choice over the (0,2) scheme. An exception is the situation when time steps significantly
larger than the (normalized) At = 1/2 threshold are to be used, and, at the same time,
the right hand side of (2.1) contains components colinear with the spatial high frequency
modes that are associated with the negative eigenvalues of largest absolute value present
in this scheme for large At. High frequency modes are typically part of the right hand
side of (2.1) when initial conditions are not smooth in some form or another, which, in
financial modelling applications, alas, is very common. Another exception is when the
effective linear system is not solved with explicit substitution schemes, but with iterative
methods, as is usually done for multi-dimensional partial integro differential equations.
In that case, the advantage of a tridiagonal matrix representation is no longer so obvious,
albeit that in practice even with iterative methods the solution of the linear systems for
the (0,1) and the (1,1) schemes is usually faster than that for the (0,2) scheme.

_ -1
For an efficient implementation of [A(o,g)(At : L)} for iterative solvers, we mention

that it is advantageous to use its Horner form representation
L1-1 . -
Aoy (At - L)] - [1 ~At-L- (1 — 1At L)} . (6.2)

In practical terms, this means whenever within the iterative linear solver routine for the
solution of

M-z=b (6.3)

with .
M = [Agay(At - E)} L r=alt—AD,  b=alt),

the evaluation of y := M - x is required, we execute the following steps:-
¥ = (1 _ 1At E) x (6.4)
y=x—At-L-2". (6.5)

6.1 Complex time

Another representation of (6.1) is

A (at-D)] T (17 L) (1 -7, L) (6.6)



with
Ty =3 (1£ 1) - At (6.7)

as suggested by J. Andreasen at the September 2011 Danske Kwant Festival in Copen-
hagen?. This means, instead of directly solving

[1—Ati~<—éAﬁEﬂ-a@—Aw:au% (6.8)

we can instead proceed in two complex time steps, namely, first solve

P_myqv:mw (6.9)
for v, then solve
[1 T i} it — At) = v (6.10)

for a(t — At). The apparent advantage of this is that both of these steps only involve
tridiagonal systems when explicit matrix representation linear system solving is used, as
opposed to the pentadiagonal system resulting from (6.8). However, it is not clear whether
the decomposition (6.9)—(6.10) really does lead to a numerical advantage due to the fact
that the total number of floating point operations for (explicitly) solving two tridiagonal
systems in complex arithmetic is signficantly higher than the number of floating point

3

operations required for the solution of a single pentadiagonal system”. In addition, we

refer to section 10 for further reasons as to why taking two complex time steps in sequence
is numerically inexpedient.

7 Other implicit second order schemes

Padé approximants are of course not the only possible choice for the approximation of
el Consider, for example, solving in steps according to

(1—At-L)-v=1a(t) (7.1)
(1-At-L)-w=v

and setting

a(t — At) == —3a(t) + 2v — 3w . (7.3)

2 It came to light in a subsequent literature research that the method of splitting into two steps with
complex stepping coefficients had been known among specialist for some time [GS89b, TZAT06].

3 Of particular cost are complex divisions, and a host of numerical analysis and engineering literature is
dedicated to efficient representation of complex divisions as real-valued operations. Cursory experiments
with the highly optimized GNU C++ library implementation of complex operations indicated that a single
complex division, on average, may cost as much as 14 real-valued floating point operations comprised by
addition, subtraction, multiplication, and division.



This is equivalent to the time-propagator definition

2

Awnl(At-E) = 242 (1 —At-i)l (oA gy (7.4)

where we have dubbed this scheme the (uvw)-scheme for reasons of lack of imagination.
Taylor expansion gives

Ao () =1+ 2+ 2%/24 - - (7.5)

which means that this is a second order scheme. Alternatively, consider the Lawson-
Morris [LM78] scheme

and setting

This is equivalent to the time-propagator definition
. N\ 2 -1
Apn(At-L) =2 (1 — 1At L) - (1 ~ At L) . (7.9)
Its Taylor expansion also confirms this as a second order scheme:

App(z) =1+ +22/24 - (7.10)

Unfortunately, as first empirically noticed and reported by J. Andreasen to the author,
neither of these schemes preserve positivity for pure diffusions as the time step At is
increased. We will return to this point in section 9.

To understand the features of these schemes, we note that they can be represented as
rational functions in standard form:-

Ay (2) 2 —2r — 2
wvw\ L - o 1 a o
2 — A4x 4 222
) (7.11)
—4+4x +x
ALM<JJ>

—4 4+ 8¢ — Ha? + 13

For pure diffusions, we can apply the same eigenvalue analysis we previously did for Padé
approximants. We show the highest spatial frequency eigenvalue bound as a function of
At in figure 5. We can see from this that for At < 1/2 both the Lawson-Morris and
the (uvw)-scheme are better approximations for the exponential function than the (0, 2)
Padé approximant. We can also see by further consultation of equations (7.11) that they
are both unconditionally stable. Alas, however, it emerges that neither of those schemes
are without oscillations. In fact, we can determine that the Lawson-Morris scheme has
negative eigenvalues when At > (1+ V2 )/2 =~ 1.21, albeit that negative eigenvalues never
exceed ~ —0.04. The same applies to the (uvw)-scheme when At > (14 /3)/4 ~ 0.68,
with negative eigenvalues never exceeding —1/2.
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FIGURE 5: Highest spatial frequency eigenvalue bound of the Lawson-Morris and the (uvw)-scheme.

The crux of the above mentioned mixing schemes is that, whilst they are both the result
of linear combinations of sub-step schemes that individually are unconditionally stable
and quiet, they are linear combinations involving negative weights, as can be seen in the
coefficients on the right hand side of equations (7.3) and (7.8). Linear combinations with
negative weights, unlike convex combinations, do not preserve any positivity guarantees.
This phenomenon is not unique to finite differencing schemes: it is exactly the same
that gives rise to stable quadrature schemes only ever involving positive coefficients as,
e.g., in Gauss-Hermite, Gauss-Legendre, Clenshaw-Curtis, Kronrod, and so many other
quadrature rules.

8 Higher order Padé schemes

It is clear from the rational form (3.1) that all R, ,)(x) with m > n grow unbounded
for x — —o0, and hence associated schemes are not unconditionally stable. Also, for the
so-called diagonal approximants given by R(,m)(z), we can deduce from the coefficients
given in (3.2) that

lim Rynm(z) = (—=1)™ . (8.1)

Tr——00
This means that high frequency modes are in each finite difference scheme iteration step
attenuated by a factor that, in absolute value, approaches 1 in the limit of long step sizes
and refined spatial discretization. Since diffusions in the exact analytical limit dampen
higher frequencies faster, this is an undesirable behaviour for any scheme we wish to use
for all step sizes, including very large steps.
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Having excluded all (m,n) schemes with m > n, we show the Padé approximation of
e~® of all remaining schemes for all m,n < 4 in figure 6. To the left, in (a), we can see

R s —— 0,15 . S L
— “4at B0, N ©
; ; c - Rygy(-ay
osd N L L R R I i . 3 1 — - R4
’ : : : : T Rigaf~48) : 1 : ‘\ N : - === Rygf(-4n)
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fmm - Rys(-4a) : [ N B e B T
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R e e e S o
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0.2 :
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0f ‘
0% i 15 22 3 35 i
At - TAr

FIGURE 6: Padé approximants of e™® for m < n, m,n < 4.

that various schemes allow for negative eigenvalues. Further excluding those, we show the
behaviour of the remaining six schemes, for a wider range of At, in (b). We can see that
out of those remaining six schemes, only those with m = 0 are monotonic functions of At.
Since we consider it desirable to preserve monotonicity in order to avoid high frequency
modes being less dampened in longer time steps, we exclude the (2, 3) and (2, 4) schemes,
too. This leaves us with the fully implicit schemes (0,n) with n = 1,2,3,4 as candidates
for high accuracy finite differencing schemes. Finally, we point out that we can see in
figure 6(b) that the (0,n) schemes, with increasing n, provide a formidable approximation
to e indeed.

Remark 8.1. The first two properties we required in the above selection of finite differ-
encing schemes, namely, positivity of the Padé approximant R, (), and the limiting
behaviour lim,_, o R(m,n)(2) = 0, form what is known as L-stability in numerical analysis.
In addition to L-stability, we also demanded monotonicity of R, »)(—x) for x > 0.

9 Positivity

A rarely discussed aspect of finite differencing scheme is the concept of positivity preser-
vation. We consider a scheme positivity preserving if for any vector o that is non-negative
in all elements, the iteration result

A(t,At, L) - i

remains non-negative in all elements. For this to hold for all possible non-negative choices
of the vector @, the time-propagator A must be non-negative in all its elements. When
the diffusion generator L is symmetric and tridiagonal in the standard form (5.1), then

Aoy = 1-At-L
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forms a Stieltjes matriz*. Since any Stieltjes matrix is invertible to a matrix with non-
negative entries, this means that the (0,1) scheme preserves positivity for any step size
At. Equally, we can see that the (1,1) scheme preserves positivity when At < 1 by

inspecting
~1

The first term on the right hand side is always positivity preserving as already discussed.
The second term is non-negative in all entries when At < 1 as can be seen from the elments
in L as shown in equation (5.1), and the product of two positivity preserving operators
does of course also preserve positivity. Unfortunately, however, for other schemes, and
in particular for the higher order fully implicit (0,7n) schemes with n = 2,3,... that are
unconditionally stable and non-oscillatory, as well as approximating e~ very accurately,
positivity is in general not preserved. We demonstrate this visually in figures 7 to 10
where we display the leading digits and the exponents of the propagators A1), A(o,2),
A3y, and A ), for a discretisation with 35 spatial levels with negative entries in red
colour. We can clearly see a structure of negative bands for A, for n > 1, albeit that
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FIGURE 8: A{75 for At = 1.
the negative entries are small in absolute value. An even better visualization is given
by the display of those matrices as surface plots since this facilitates an intuitive relative
comparison of the extent to which A, for n > 1 neglects positivity. Since the absolute

4 A real symmetric positive definite matrix with nonpositive off-diagonal entries.
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FIGURE 10: A?gvj)z"f’ for At =1.

numbers are small, a direct plot simply results in surfaces with a dominant ridge along the
diagonal. Hence, we use a non-linear scaling to enhance the visual magnitude of the small
off-diagonal values, and show in figure 11 the values of A%i), A%ég), A%g), and A%O/Z), with
the power coefficient (1/5) having been chosen more or less arbitrarily to emphasize the
visibility of the bands of non-negligible negative values. We can clearly see that whilst
A(o,1y is positive in all entries, the higher order fully implicit propagators display negative
bands (marked in red where non-negligible). They are most pronounced for A ), and
become smaller in absolute magnitude as n is increased in A ).

The occurrence of negative entries in the time propagators A,y for n > 1 is not
independent from the choice of step size At. We show in figure 12 a study of the magnitude
of the most negative entry in the time propagators for a spatial discretization with 101
levels. We can see that for moderately small step sizes the most negative entries in
A(o,4) are in absolute value orders of magnitude smaller than those for A3 and A ).
We also observe that for A 3) there appears to be a critical threshold below which the
matrix systematically preserves positivity. We have already seen, albeit from analytical
considerations, the existence of a critical threshold for the preservation of positivity with
the (1, 1) scheme and thus need not be too surprised about this phenomenon. Whilst the
reasons for it to happen for the (0, 3) are not as straightforwardly obvious as for the (1, 1),
we are content with the numerical evidence for it, and don’t pursue this issue any further
in this context.

Remark 9.1. A matrix that is non-negative in all its elements is often called simply a
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Ficure 11: Fully implicit propagator matrices for 35 spatial levels and At = 1, arbitrarily scaled by a
power of (1/5) to aid visualization of negative regions of small but non-negligible absolute value.

non-negative matriz in the literature. Here, however, we do not use this terminology
to avoid the confusion arising from the fact that some authors define non-negative to
mean having only real-valued non-negative eigenvalues. Unfortunately, the ambiguity in
the terminology in the literature does not end there: some authors [Sid10] refer to Padé
schemes for parabolic equations as positivity preserving when they have no negative eigen-
values. The latter definition is used to refer to whether the Padé approximant R, ,)(—)
preserves the sign of the function e™ that it is to approximate, and this translates to the
absence of negative eigenvalues. For the finite differencing scheme to preserve positivity
of the solution vector under iteration, however, this is not sufficient.

10 Partial Fraction Decomposition

We have seen that higher order fully implicit Padé finite difference integration schemes can
be of significant benefit since they permit comparatively large step sizes whilst retaining
good accuracy. A consideration of practical concern, particularly for large numbers of
spatial discretization levels, is the question as to the chosen method for the solution of
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FIGURE 12: The magnitude of the most negative entry in the time propagator matrix AZST;;OI as a

function of step size At for n = 1,2,3,4. Note that the line for Azgllx)m is at the level of numerical

resolution and thus represents the base line that ought to be considered numerically equivalent to zero.

the generated linear systems. For multi-dimensional diffusion problems, almost invariably,
one will wish to resort to iterative methods such as the BiCGStab method [dV92]. For
one-dimensional diffusions, however, for schemes that are of first order in their implicit
part, e.g., the (1,1) Crank-Nicolson or the (0, 1) fully implicit scheme, the resulting linear
system is tri-diagonal in its matrix representation, and amenable to highly efficient direct
forward- and back-substitution. Higher order implicit schemes when represented in their
inverse matrix form, are no longer tri-diagonal. In fact, the matrix representation of A(_O}n)
has a total of 2n + 1 diagonals that are non-zero, meaning that A(_o}z) is pentadiagonal,
A(_Of?)) is hepta-diagonal, and A(_o%4) is nona-diagonal. This does not only increase the
numerical effort, which is ultimately inevitable, but it also increases the risk of the linear
system ending up numerically ill-conditioned, especially when no pivoting is employed in
aid of maximum speed. One way to overcome this [Gal89, GS89a, GS89b], is to decompose
the denominator of R, as given in (3.1) into its roots

Qu() = gu- [ [(0; — @) (10.1)

j=1
and to solve sequentially

Gn - (p1— At-L)- ...~ (po— At- L) -a(t — At) = a(t) (10.2)
one linear system composed by (p; — At - f)) after another, with ¢, = % as obvious

from (3.2) and (3.3). Note that for the fully implicit (0,n) schemes this means that we
need to solve complex linear systems for all roots that form complex conjugate pairs. This
is of course the generalization of what was referred to as complex time in section 6.1.

An ingenious alternative to the sequence of complex linear systems is to use the partial
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fraction decomposition

T~ 2 o

with
n!

o = .
’ Hk;éj(pk )

This was first demonstrated in [Gal89, GS89a, GS89b] specifically for the purpose of
parallelization of the solution of the respective linear systems in (10.2). This strategy

(10.4)

transforms the task of solving the one linear system
Qn(At-L)-a(t — At) = a(t) (10.5)
whose matrix form is (2n + 1)-diagonal, into n individual linear systems
(pj = L) -v; = a(t) (10.6)
whose solutions comprise the finite differencing scheme by virtue of

it — At) = ) oy (10.7)
k

A further simplification is yet possible [GS89b]. For all roots that form complex conjugate
pairs, i.e, when p;1 = p}, we observe that o1 = «, and hence

NI 2 S R *a; :2-%[ O"'} (10.8)
pi—T  pii—T  p—T P

since z € R. This in turn means that the A ) scheme can in fact be implemented as the
solution of a single complex-valued linear system. For example, since

20- (1—x+2%/2) = [(1410)—a]-[(1—14)—a], (10.9)

which obviously can be identified as the scheme discussed earlier in section 6.1, we have

2!
o = =) —(1+10) (10.10)

=1

and thus
uay(t — At) = 2-R [z ((1 +i) — At i)_l-a(t)} (10.11)
= 2.9 {((1 i) — At E)l- ﬂ(t)]

for the (0,2) scheme. We see here that it is in fact not necessary to take two complex
time steps since they can be collapsed into one.
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For the (0,3) scheme, we obtain
-1
upz)(t —At) =asz; - <P3,1 — At- L) - a(t) (10.12)

12.R {ag,g : (pg,g ~ At E)_l- iz(t)]

with
as; = 1.47568651779572090
p31 = 1.59607163798332152 (10.13)
ago = —0.73784325889786049 + 0.36501784080102848 - 4 .
p32 = 0.70196418100833929 + 1.80733949445202179 -7 .
And finally, for the (0,4) scheme, we end up with
-1
won(t = At) = 2-R| aur- (pg— A L) - a() (10.14)
-1
+ Qg2 (p472 — At - L) . &(t)}
with
g = 0.54141334842915765 + 1.58885918222327870 - 4
pag = 1.72944423106770540 + 0.88897437612186581 - i (10.15)
g = —0.54141334842915765 — 0.24856252086611912 - 4 '
pa2 = 0.27055576893229461 + 2.50477590436243425 -1 .

10.1 Solving the complex linear system

The partial fraction decomposition approach requires the solution of one or more linear
systems of the form
(p-1,—G)-z =10 (10.16)

with p complex, G being a real linear operator given by the discretized diffusion generator,
b being a real vector, and n being the number of spatial discretization nodes. When the
underlying dynamics represent a one-dimensional diffusion, the generator G is tri-diagonal
in a matrix representation, and the system (10.16) is readily amenable to direct solution
with standard tri-diagonal forward an backward substitution on the space of complex
numbers.

10.2 Solving iteratively with real-valued sparse systems

In higher dimensions, or for non-diffusive dynamics, one may wish to use iterative algo-
rithms for the solution of (10.16). In that case, one may use an iterative algorithm that
is designed for complex systems. Since the generic iterative solution of complex linear
systems can be significantly more difficult than that of benign real-valued linear systems,
one may, instead, want to use one of the well tried and tested algorithms such as the
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BiCGStab method [dV92], by the aid of the following reformulation of (10.16). Consider
that

p=prt+i-pi (10.17)
T=2, 410 (10.18)

with p,, p; € R, z,,2; € R*. Then, the system (10.16) can be represented in block form

((p'ln_G) —pic 1 )(33) _ (b> (10.19)
pi- 1, (p-1,— Q) Z; 0,

with 0,, standing for a vector of n entries that are all zero. As for an initial guess in the
iterative scheme, we may take guidance by what tends to work well in the conventional
first order fully implicit scheme. For that scheme, we have p = 1 and 2(*) = b is a tried
and tested, even if possibly not optimal, initial guess. In other words, to lowest order,
the generator G, is considered to have only a slight effect when going from b = 4(t) to
r = @(t — At), and in the setting of the initial guess z(*), the generator G is simply
dropped from (10.16). In this context, this translates to

1
2O = —.p (10.20)

p

which means

20 = Ly (10.21)

|pil
20 = —‘p—i‘2~b. (10.22)

Pi

10.3 Sequentially solving real-valued pentadiagonal systems

In the one-dimensional case for n > 1, an alternative to iterative solutions of real-valued
sparse systems is to factorize the denominator of R, only to quadratic terms. Then, the
implicit solution can be obtained by sequential direct solution of pentadiagonal systems.
Specifically, we have

R (x ) =(1-x) (10.23)
Roa(z) ' =(1—z+ iz ) (10.24)
Ro.3)( = (1 -z +i2% — 12?) (10.25)
=(1-0. 62653829327079973114 )
- (1 —0.37346170672920026886 - = + 0.26601193966388692052 - %)
Roa(r)™ = (1 -2+ 32° — g2’ + 5y2) (10.26)

= (1 — 0.91474668699459514598 - x + 0.26446261479904986361 - z%)
- (1 — 0.08525331300540485402 - = + 0.15755219957394281479 - %)

Substituting = At - L, we then obtain the implicit linear system from the spatially
discrete operator L.
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11 Conclusion

We have reviewed a range of time stepping schemes for finite differencing methods for
the solution of partial integro differential equations. We focussed on the two time level
family of Padé approximants as taken from [Smi86, chapter 3|, but also included two
alternative second order implicit schemes. For pure one-dimensional diffusions, we have
explained the mechanisms that give rise to stability, or instability, and negative responses
when spatial high frequency modes are present in the initial conditions, as is so often
the case in financial derivatives mathematics applications. We have identified that the
Ron) (AL - I~/) Padé schemes with n = 1,2, 3,4 given by

Roy(z)=(1—z)" (11.1)
R (z) = (1 —z+ 12?) (11.2)
R (x) = (1 —x+ %xQ — éx:g)_l (11.3)
Row(x) = (1 -z +1a? — 18 4 LaH)™ (11.4)

are all L-stable, i.e., unconditionally stable and non-oscillatory, as well as monotonic in
their damping factor as a function of step size. We have given some numerical evidence
that the numerical magnitude of the violation of strict positivity preservation for n > 1
seems to decrease as n increases. Only the (0,1) scheme, however, is strictly positivity-
preserving within numerical round-off.

As for a general summary, alas, we can only mention that it is useful to recall that a
great variety of finite differencing schemes exist, even in just a one-dimensional setting,
some more and some less known, with different levels of convergence order, complexity
of implementation, implications for positivity, and so on. Far be it from us, however, to
attempt giving any wholesale advice as to when to use which method within this short
note. Suffice it to say that the choice of finite differencing techniques is definitely the
domain of horses for courses.
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