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1 Introduction

Introduction

Most option pricing theory simplifies trading as frictionless - for simplicity
of treatise.

Real trading involves bid-offer spreads and thus a cost in a round trip
transaction, i.e., the purchase and immediate resale of an asset.

Especially for vanilla options, or net portfolios of European payout com-
binations, there is significant research on the impact of transaction costs
on the dynamic hedging strategy, and net cost implications.

We mention:-
Leland [Lel85], Lott [Lot93], Hoggard/Whalley/Wilmott [HWW94],
Clewlow and Hodges [CH97], Kabanov and Safarian [KS97], Hodges
and Neuberger [HN89], Avellaneda and Paras [AP99], and Zakamou-
line [Zak05a, Zak05b, Zak06b, Zak06a, Zak06c, Zak08a, Zak08b].
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1 Introduction

We consider the situation of a market agent who provides option contracts
to clients in an underlying asset whose mid-market spot quote price is readily
observable at any time t as S(t):-

the underlying asset can be bought and sold in the market (e.g., a central
exchange) at any size with a (non-negative) proportional transaction cost
coefficient λ < 1;

transaction costs are proportional and always against you and symmetric,
meaning, you pay (1+λ) ·S for the purchase of 1 unit mid-market-quoted
at S, and receive (1 − λ) · S for the sale of 1 such unit;

everyone has full access to the above defined market;

everyone can borrow or deposit cash at interest rate r
(extending this to a term structure of forward rates is straightforward);

options, if exercised at T , settle with zero lag;

the strike of vanilla (and digital) options is K.
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2 Option exercise optimality is in the eye of the (be-)holder

Option exercise optimality is in the eye of the (be-)holder

Whether or not an option position is exercised at T depends on:-

the(mid-) market price S of the underlying asset at expiry;

the option type call (θ = +1) or put (θ = −1);

the option style cash- or physically settled:

1 when cash-settled, exercise will occur if

θ · S > θ · K;

leading to the cash-settled profit profile

(θ · (S − K))+ ; (2.1)
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2 Option exercise optimality is in the eye of the (be-)holder To take delivery, or not, that is thy dilemma

2 when physically settled, the option holder
has the right but not the obligation to take delivery

and exercise will depend on the option holder’s needs, meaning:-
(a) if the option holder has a genuine requirement to receive or dispose
of the underlying asset (e.g., to receive it for commercial/production
use or development projects, or to continue the funding of min-
ing/production operations from its sale proceeds, if the asset is a com-
modity), then exercise is optimal if taking delivery is cheaper than
directly buying in the spot or the proceeds of selling the asset are less
in the spot market market, i.e., if

S · (θ + λ) > θ · K;

leading to what we shall call the producer profit profile

(1 + θ · λ) ·
(
θ · (S − K

1+θ·λ)
)

+
; (2.2)
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2 Option exercise optimality is in the eye of the (be-)holder To take delivery, or not, that is thy dilemma

(b) if the option holder has no interest in owning (for a call) or selling
(for a put) the asset itself and seeks to immediately close out the
position, then exercise is optimal if

S · (θ − λ) > θ · K;

leading to what we shall call the investor profit profile

(1 − θ · λ) ·
(
θ · (S − K

1−θ·λ)
)

+
. (2.3)

The (option selling) market maker is exposed to exercise (perfectly ra-
tionally for the option holder) happening somewhere in the range

S ∈
[

K

1 + λ
,

K

1 − λ

]
.

There is residual operational risk for the option market
maker even with a perfect dynamic replication strategy.
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2 Option exercise optimality is in the eye of the (be-)holder To take delivery, or not, that is thy dilemma
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2 Option exercise optimality is in the eye of the (be-)holder To take delivery, or not, that is thy dilemma

We assume that the option market maker has no interest in holding any
net position in the underlying (except for hedging purposes).

Obviously, the option market maker could demand an upfront insurance
premium for the residual (rational exercise range) risk.

This may find the option buying clients’ disapproval.

The very nature of a physically settled option contract, however, is such
that the option holder can demand delivery against the strike price,
no matter how suboptimal the exercise decision may appear.

In essence, we are dealing with an enhanced version of liquidity risk here:
even though there is plenty of the asset available in the market, the option
market maker still can be caught out having to deliver or take delivery
when not expecting it, and incur a loss in the process.
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2 Option exercise optimality is in the eye of the (be-)holder To take delivery, or not, that is thy dilemma

There is a simple way out of this dilemma!

As we saw in the figure and in the profit formulae (2.1)–(2.3), one can
easily use a cash-settled option with an adjusted strike and an adjusted
notional multiplier to generate any of the physical delivery profit profiles.

In that case, exercise is obvious, and since the terminal hedge position of
the option market maker at expiry is always a cash position, there is no
risk whatsoever for the option market maker.

The residual operational risk vanishes by simple financial engineering:

adjust the strike and the nominal amount and

always deal in cash-settled options!

It is then left up to the (option buying) client to adjust the strike according
to their producer or investor profit profile.
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3 “Boundary effects” 1 Getting in is not for free

“Boundary effects”

Interestingly, the literature tends to focus exclusively on the expected cost
of self-financing or super-replication strategies.
A rare exception is the paper by Kabanov and Safarian [KS97] where explicit
reference to the (potentially significant) costs of the initial hedge and the
final closing-out is given:

A [sic] reader may have some trouble with boundary effects. There is a transaction
at time t = 0 when the investor enters the market. The last transaction at t = 1 is
also special: the contract may admit different specification for the final settlement,
e.g., to deliver or not to deliver the stock. We exclude these particular transactions
from our considerations.

Irritatingly, imho, this aspect tends to be played down throughout the liter-
atur, and even Kabanov and Safarian drop it from their analysis.
We will include the cost of the initial hedge as well as the closing-out cost.
This, in fact, especially the latter, is the whole point of this research.

× ⋄ Peter Jaeckel Cash-settled options under transaction costs Autumn 2024 11 / 55

http://jaeckel.org


3 “Boundary effects” 2 Spot not the value of the hedge

Spot not the value of the hedge

Another stepchild of interest in the literature is the accounting question

what is the value of my holdings?

An anomaly in this regard is [Zak06b] where [near equation (3)] an investor’s

net wealth is defined as the holdings in the bank account after either
selling of all shares of the stock (if the proceeds are positive after
transaction costs) or closing of the short position in the stock [...].

Any attempt to compute the net cost of a dynamic hedging strategy starts
with a balance of cash, option, and hedge position values.

So, what is the value of holding η units of an asset
that is quoted as mid-market value S?
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3 “Boundary effects” 3 Exit value or mid-market marking

We will take a look at both approaches:

Exit-Value-Marking- the value of holding η units of S is

(η − λ · |η|) · S ;

Mid-Market-Marking- the value of holding η units of S is

η · S .

We start with EVM, following Leland et omnes qui sequebantur.

STANDING ON THE SHOULDERS OF GIANTS.
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4 Cash-settled options, à la Leland, but not quite 1 Exit-Value-Marking

Cash-settled options, à la Leland, but not quite

The option market maker has sold a call option on one unit of the underlying
asset and establishes a hedged replication portfolio whose net value to the
option market maker we denote as H:-

D units of the asset physically held,

the short option position whose nominal value we write as Ĉ,

a cash position that we omit since it always drops out in the end,

[and the initial cost to set up the hedge — we will get back to this later].

For now, we have at time t

H = D · S − λ · |D| · S − Ĉ(S, t) . (4.1)
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4 Cash-settled options, à la Leland, but not quite 1 Exit-Value-Marking

Re-hedge after ∆t
(assuming that we pay/earn for hedge asset borrowing/lending a mid-spot-proportional
fee/yield rate of yb/ℓ when borrowing/lending).

∆H = H(t + ∆t) − H(t) (4.2)

= (D + ∆D) · (S + ∆S) − λ · |D + ∆D| · (S + ∆S)

− D · S − λ|D|S − ∆Ĉ

− ∆D · (S + ∆S) − λ|∆D| · (S + ∆S) : total rehedge cost

+ ȳDS∆t − δy|D|S∆t : borrowing/lending cost/proceeds

= (D − λ|D + ∆D| − λ|∆D|) · ∆S

− λS · (|D + ∆D| − D + |∆D|)

+ (ȳD − δy|D|) · S∆t − ∆Ĉ
with

ȳ = 1/2 · (yb + yℓ) , δy = 1/2 · (yb − yℓ) . (4.3)
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4 Cash-settled options, à la Leland, but not quite 1 Exit-Value-Marking

Using, as per standard,
dS = µSdt + σSdW , (4.4)

we have:-

∆S = σS∆W + µS∆t + O(∆t3/2) (4.5)

∆D = D(S + ∆S, t + ∆t) − D(S, t) (4.6)

= DS∆S + Dt∆t + 1
2DSS∆S2 + O(∆t3/2)

∆Ĉ = Ĉ(S + ∆S, t + ∆t) − Ĉ(S, t) (4.7)

= ĈS∆S + Ĉt∆t + 1
2 ĈSS∆S2 + O(∆t3/2) .

We now make the assumptions

D ≥ 0 and D + ∆D ≥ 0 (4.8)

which is probably safe for the hedge of a short call option position.
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4 Cash-settled options, à la Leland, but not quite 1 Exit-Value-Marking

This gives us

∆H = (1 − λ)D∆S − ∆Ĉ + yℓDS∆t (4.9)

− λS ·(∆D + |∆D|) − λ∆S ·(∆D + |∆D|) .
We will get back to this and this term, but much later.

Remark 1. without closing-out accounting, and with yℓ = 0, we’d obtain

∆H̃ = D∆S − ∆Ĉ − λ|∆D| · (S + ∆S) (4.10)

and this is what we find in [Lel85, equations (19)–(22)] (where k = 2λ here)
and numerous other references. End of Remark 1.

Remark 2. Following Leland,

k = 2λ (4.11)

is known as the “round trip” transaction cost. End of Remark 2.
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4 Cash-settled options, à la Leland, but not quite 1 Exit-Value-Marking

Before we replace the various terms ∆S, ∆D, and ∆Ĉ from (4.5)–(4.7)
into (4.9), it is worth noting the following.

Remark 3. Leland chooses
D := ĈS

and truncates (4.6) at lowest order, i.e., sets

∆D ≈ DS∆S

which is of order O(∆t1/2), and describes this [near equation (22)] as

[...] a first-order Taylor series approximation.
End of Remark 3.
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4 Cash-settled options, à la Leland, but not quite 1 Exit-Value-Marking

Remark 4. Zakamouline [Zak08b, equation (2) and thereafter] chooses the
same approximation for ∆D with the words (expressed in terms of our
symbols here)

Here observe that the dominated [sic] term in ∆D is DS∆S with ∆t1/2.

End of Remark 4.

Irrespective of nomenclature (“first order”, “lowest order”, or “dominant order”), most of the
transaction cost literature works with this approximation, but there are some exceptions, e.g.,
Lépinette [Lép12, equation (2.3)] includes the O(∆t) term.

Here, we also continue with

∆D ≈ DS∆S. (4.12)

For now.
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4 Cash-settled options, à la Leland, but not quite 1 Exit-Value-Marking

Substituting (4.5), (4.7), and (4.12) into (4.9), we obtain

∆H =
(
D · (1 − λ) − ĈS − λSDS

)
· ∆S (4.13)

− Ĉt · ∆t −
(

1
2 ĈSS + λDS

)
· ∆S2

− λS|DS∆S| − λ∆S|DS∆S| + yℓDS∆t .

In order to protect the hedged portfolio from the market risk posed by the
term proportional to ∆S in the first line of (4.13), we would like to have

D · (1 − λ) − ĈS − λSDS = 0 . (4.14)

Note: this compares with the classic “delta hedging” result

D = ĈS .
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4 Cash-settled options, à la Leland, but not quite 1 Exit-Value-Marking

The hedge equation (4.14) has the formal solution

D = S1/λ−1 ·
(

c −
∫

ĈS · S−1/λdS/λ

)
. (4.15)

for some constant c.

We prefer its representation as an expansion in λ

D =
∑

i=0

(
λ

1−λ

)i
· Di(S)

with
D0(S) = 1

1−λ ĈS and Di+1(S) = S · ∂SDi(S) .
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4 Cash-settled options, à la Leland, but not quite 1 Exit-Value-Marking

To simplify1, we now choose to approximate all terms from here on only up
to first order in λ, and to set

D := 1
1−λ ĈS + λ

(1−λ)2 SĈSS . (4.16)

This is where we leave the trodden path: the hedge (4.16) includes a (small)
gamma component of the vanilla option price!

It does, however, restore the hedge against movements in ∆S since, to order
O(λ2), it zeros out the first line on the right hand side of (4.13).

1and in order to arrive at a partial differential equation not exceeding second order
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4 Cash-settled options, à la Leland, but not quite 1 Exit-Value-Marking

Next, we have from (4.4) [recall: dS = µSdt + σSdW ]

E
[
∆S

]
= µS∆t E

[
∆S2

]
= σ2S2∆t + O(∆t3/2) (4.17)

and, using σ ≥ 0 and ∆D := DS∆S, we compute

E
[
|∆D|

]
= σ |DS | S

√
2
π ∆t + O(∆t3/2) (4.18)

and
E

[
∆S · |∆D|

]
= σ |µDS | S2

√
8
π ∆t3/2 + O(∆t5/2) . (4.19)

Using the definition of the Leland coefficient

L :=
√

8/π

σ
√

∆t
. (4.20)

we obtain to order O(λ2)

E
[
∆H

]
=

[
− Ĉt + yℓĈSS/(1 − λ) (4.21)

− 1
2S2ĈSS ·

(
σ2 · (1 + λ) − 2λ yℓ

1−λ

)/(
1 − λ

)
− 1

2σ2S2|ĈSS | · λ
1−λ · L

]
· ∆t + O(∆t3/2)
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4 Cash-settled options, à la Leland, but not quite 1 Exit-Value-Marking

We now demand, classically, that

E
[
∆H

]
= rH∆t + O(∆t3/2) . (4.22)

With (4.1) [recall: H = D · S − λ · |D| · S − Ĉ ]

and (4.16) [recall: D := 1
1−λ

ĈS + λ
(1−λ)2 SĈSS ]

we have
H = D · S · (1 − λ) − Ĉ (4.23)

= ĈS · S + λ
1−λ ĈSS · S2 − Ĉ

and further assuming ĈSS ≥ 0 (for a vanilla European call option) we obtain

(
∂t + µ̂scS∂S + 1

2 σ̂2
scS

2∂SS

)
· Ĉ = rĈ (4.24)

with the short call (“sc”) parameters
µ̂sc = r − yℓ

1−λ σ̂2
sc = σ2 ·

(
1 + λ·L︸ ︷︷ ︸

as in [Lel85] etc.

+ λ + 2λµ̂sc
)/(

1 − λ
)

. (4.25)
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4 Cash-settled options, à la Leland, but not quite 1 Exit-Value-Marking

Remark 5. Without the assumptions (4.8) [recall: D ≥ 0 and D + ∆D ≥ 0 ], we’d
have (mildly) non-linear terms of the form |ĈSS | and |ĈS | in the pricing
PDE (4.24), as can be found in the literature, e.g., in [HWW94, Zak08b].

End of Remark 5.

The final price v the option market maker ought to charge for the sale of
cash-settled call option is comprised by the solution of (4.24) for Ĉ(S, 0)
with the terminal boundary condition

Ĉ(S, T ) = (S − K)+ (4.26)
plus the round trip costs of the initial hedge, namely 2λ · |D| · S, i.e.,

v = Ĉ(S, T ) + 2λ · |D| · S (4.27)
which gives us (to first order in λ)

vshort call = Ĉ
sc + 2λ

1−λ · Ĉ
sc

S · S (4.28)

where
Ĉ

sc = e−rT · B(eµ̂scT·S, K, σ̂sc, T, +1) . (4.29)
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4 Cash-settled options, à la Leland, but not quite 1 Exit-Value-Marking

In analogy, we obtain for the:-
Short put (“sp”) vshort put = P̂

sp + 2λ · |Dsp| · S with

µ̂sp = r − yb

1+λ σ̂2
sp = σ2 ·

(
1 + λ·L − λ − 2λµ̂sp

)/(
1 + λ

)
(4.30)

Dsp = P̂
sp
S

1+λ − λS P̂
sp
SS

(1+λ)2 P̂
sp = e−rT · B(eµ̂spT·S, K, σ̂sp, T, −1) (4.31)

Long call (“lc”) vlong call = Ĉ
lc + 2λ · |Dlc| · S with

µ̂lc = r − yb

1+λ σ̂2
lc = σ2 ·

(
1 − λ·L − λ − 2λµ̂lc

)/(
1 + λ

)
(4.32)

Dlc = Ĉ
lc
S

1+λ − λS Ĉ
lc
SS

(1+λ)2 Ĉ
lc = e−rT · B(eµ̂lcT·S, K, σ̂lc, T, +1) (4.33)

Long put (“lp”) vlong put = P̂
lp + 2λ · |Dlp| · S with

µ̂lp = r − yℓ

1−λ σ̂2
lp = σ2 ·

(
1 − λ·L + λ + 2λµ̂lp

)/(
1 − λ

)
(4.34)

Dlp = P̂
lp
S

1−λ − λS P̂
lp
SS

(1−λ)2 P̂
lp = e−rT · B(eµ̂lpT·S, K, σ̂lp, T, −1) (4.35)

× ⋄ Peter Jaeckel Cash-settled options under transaction costs Autumn 2024 26 / 55

http://jaeckel.org


4 Cash-settled options, à la Leland, but not quite 2 Consistency checks

As a simple (necessary but not necessarily sufficient) consistency check,
consider the limit case of σ 0 and r = µ = yℓ = 0 (or equivalently
T 0) when S0 > K. In this case, we have for the short call position

Ĉ = B(S0, K, 0, T, +1) = S0 − K

and ĈS = 1 at inception, whence (4.28) gives us

(S0 − K) + 2λ
1−λ · 1 · S0.

Also, in this case, the final payout is guaranteed to be ST − K, for which
there is a static hedge: hold 1/(1 − λ) units of the asset to maturity.

The upfront cost of this hedge is 1+λ
1−λ · S0 meaning the initial price must be

1+λ
1−λ · S0 − K.

And indeed, for σ = r = µ = yℓ = 0 and S0 > K we obtain

(S0 − K) + 2λ
1−λ · 1 · S0 = 1+λ

1−λ · S0 − K .
■

(4.36)
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4 Cash-settled options, à la Leland, but not quite 2 Consistency checks

Repeat for σ 0 and again S0 > K but r ̸= 0, yℓ ̸= 0 with r > yℓ/(1 − λ).
We assume that the real world drift µ is non-negative, i.e., µ ≥ 0. We get

σ̂2 2λ
1−λ µ̂ where µ̂ = r − yℓ

1−λ

and
v = e−rT ·

[
1+λ
1−λ ·F̂ ·Φ(d̂1) − K ·Φ(d̂2)

]
+ O(λ2) (4.37)

with
d̂1/2 = ln(F̂ /K)

σ̂
√

T
± σ̂

√
T

2 .

Taylor expansions of Φ(d̂1/2) with respect to λ are inadmissible here whence
we proceed with the asymptotic [AS84, equation 26.2.12]

Φ(−|z|) ≈ φ(z)
|z| ·

(
1− 1

z2 + . . .
)

for |z| ∞ ,

which gives us (for σ 0, S0 > K, r > yℓ

1−λ , µ > 0)

v = 1+λ
1−λ · e−

(
yℓ

1−λ

)
·T · S0 − e−r·T ·K + O(λ2) . (4.38)
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4 Cash-settled options, à la Leland, but not quite 2 Consistency checks

Hedging this case like a forward contract: the cash proceeds ∆c of holding
D units of the underlying over ∆t are

∆c := yℓ · D · S(t) · ∆t

and we immediately reinvest these proceeds into an additional ∆D units at
the spot price (plus transaction costs)

∆D = ∆c
/(

(1 + λ) · S(t + ∆t)
)

which, for ∆t dt, gives us an ordinary differential whose solution is

D(t) = D0e− yℓ
1+λ

·t.

We need to hold D(T ) := 1/(1−λ) at maturity to fulfill our delivery needs,
and since the initial hedge cost is (1 + λ) · D0 · S0 we arrive at the net cost
of the forward contract replication as

vforward contract = 1+λ
1−λ · e−

(
yℓ

1+λ

)
·T · S0 − e−r·T ·K . (4.39)
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4 Cash-settled options, à la Leland, but not quite 3 Interlude

What went wrong?
After days of scratching my head where I’d gone wrong, and re-deriving all
equations over and over again, I went back to (4.12)

∆D ≈ DS∆S (4.12)

which I had previously already critised as being inconsistently referred to in
the literature. So, we start all over again, this time with

∆D = DS∆S + Dt∆t + 1
2DSS∆S2 + O(∆t3/2). (4.6)

And then we recompute

E
[
|∆D|

]
= |b| ·

[
Φ(|b/a|) − Φ(−|b/a|)

]
+ 2 · |a| · φ(b/a) (4.40)

where

a = σSDS

√
∆t b =

(
µSDS + Dt + 1

2σ2S2DSS

)
· ∆t
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4 Cash-settled options, à la Leland, but not quite 3 Interlude

Now we see

E
[
|∆D|

]
=


∣∣∣µSDS + Dt + 1

2σ2S2DSS

0∣∣∣ · ∆t when σ 0

σ |DS | S
√

2
π ∆t + O(∆t3/2) else

(4.41)

and that makes all the difference!
Incidentally, the second term that we need to recompute does not change anything in the following:

E
[
∆S · |∆D|

]
= |σµS2DS + Dt + 1

2 σ2S2DSS | ·
√

8
π

∆t3/2 + O(∆t5/2) . (4.42)

The pricing PDE changes signifcantly! In the limit σ 0, it becomes

Ĉt+µ̂SĈS + λ
1−λS

(
µ̂︷ ︸︸ ︷

risk-neutral drift

SĈSS + ĈSt

)
+ λ

1−λS
∣∣∣µ︷ ︸︸ ︷

real world drift

SĈSS + ĈSt

∣∣∣ = rĈ (4.43)

With the boundary condition Ĉ(ST , T ) = ST − K, this has the solution

Ĉ(S, t) = e−
(

yℓ
1+λ

)
·(T −t) · S0 − e−r·(T −t) ·K (4.44)

and, lo and behold, we are back to [recall: v = Ĉ + 2λ
1−λ

|ĈS |S0]

vforward contract = 1+λ
1−λ · e−

(
yℓ

1+λ

)
·T · S0 − e−r·T ·K . (4.39)
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4 Cash-settled options, à la Leland, but not quite 4 A third order PDE? Seriously?

Alright, truncating to O(
√

∆t ) is a bad idea!
Now substituting (4.5), (4.6), and (4.7), all to order O(∆t), into (4.9), we
obtain for σ > 0

∆H =
(
D · (1 − λ) − ĈS − λSDS︸ ︷︷ ︸

unchanged!

)
· ∆S (4.45)

+
[
yℓSD − Ĉt − λSDt

]
· ∆t −

(
1
2 ĈSS + 1

2λD̂SS + λDS

)
· ∆S2

− λ · S · |∆D| − λ · ∆S · |∆D| .

The PDE becomes

Ĉt + µ̂SĈS + 1
2 σ̂2S2ĈSS + εSĈSt + 1

2εσ2S3ĈSSS = rĈ (4.46)

with µ̂ and σ̂2 as given in (4.25), and
DELICIOUS!

ε := λ
1−λ . (4.47)
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4 Cash-settled options, à la Leland, but not quite 4 A third order PDE? Seriously?

Transfigura et impera!
Remove discounting via

V := er·(T −t) · Ĉ , (4.48)

go to (drifting) log coordinates via

x := ln(S/S0) − γt ⇐⇒ S = S0 · ex+γt (4.49)

and we arrive at(
∂t + 1

2α2∂xx

)
· V = −ε · ∂x

(
∂t + 1

2σ2∂xx

)
· V + O(ε2) (4.50)

with V (x, T ) =
(
S0 ·ex+γT − K

)
+

and [recall: L =
√

8/π

σ
√

∆t
]

α2 = σ2 · (1 + ε · L) + O(ε2) (4.51)
γ = r − yℓ − 1

2α2 + O(ε2) . (4.52)

Equation (4.51) is the same as Leland’s adjusted volatility to order O(ε2).
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4 Cash-settled options, à la Leland, but not quite 4 A third order PDE? Seriously?

This third order PDE can be solved numerically as per usual (Crank-Nicolson
etc.), directly, or via the expansion

V =
∑
i=0

εi · V (i) (4.53)
giving us (

∂t + 1
2α2∂xx

)
· V (0) = 0 (4.54)

and(
∂t + 1

2α2∂xx

)
· V (i+1) = −∂x

(
∂t + 1

2σ2∂xx

)
· V (i) ∀ i > 0 (4.55)

with
V (0)(x, T ) =

(
S0 ·ex+γT − K

)
+

(4.56)

V (i)(x, T ) = 0 ∀ i > 0 (4.57)

where each of the PDEs (4.55) is only of second order.

We know the solution for V (0):

V (0)∣∣
x=0,t=0

= B(S0 · e(r−yℓ)·T , K, α, T, +1) . (4.58)
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4 Cash-settled options, à la Leland, but not quite 4 A third order PDE? Seriously?

For what it’s worth, specifically using

∂tV
(0) = −1

2α2∂xxV (0) (4.59)
we can simplify(

∂t + 1
2α2∂xx

)
· V (1) = 1

2

(
α2 − σ2

)
∂xxxV (0) (4.60)

= 1
2 · ε · L · σ2 · ∂xxxV (0) + O(ε2) . (4.61)

The source term in the PDE for the first order correction is itself of first
order in the perturbation parameter.

This effectively makes the lowest order correction to V (0)

already of second order in ε.

We expect little contribution from V (1) and higher orders over and
above what is already encompassed in V (0) via

α2 = σ2 · (1 + ε · L) . (4.51)
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4 Cash-settled options, à la Leland, but not quite 4 A third order PDE? Seriously?

This would mean that, even without truncating ∆D at order O(
√

∆t ) as
Leland and others after him did, we essentially2 recover the classic Leland
result for analytical valuation, admittedly via a third order PDE detour.

This is promising since we not only need the value Ĉ = e−r·T V but also ĈS

for the valuation

v = Ĉ + 2·ε·|ĈS |·S0 + O(ε2) . (4.28)

We will look at numerical results later on.

2as a first-order expansion in λ
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4 Cash-settled options, à la Leland, but not quite 5 Mid-Market-Marking

Mid-Market-Marking
The alternative is Mid-Market-Marking3. In this case, we mark the hedged
portfolio as

H = D · S − Ĉ(S, t) . (4.62)
for a short call option position, but we do charge for the exit cost via the
boundary condition

Ĉ
sc(S, T ) =

(
S

1−λ − K
)

·1{S>K} = 1
1−λ ·

( vanilla︷ ︸︸ ︷
(S − K)+ + λ·K ·

digital︷ ︸︸ ︷
1{S>K}

)
.

(4.63)
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C
^
 (S,T)

negative gamma

S

K = 1
λ = 10%

3In lax terminology possibly also referred to as banking book accounting.
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4 Cash-settled options, à la Leland, but not quite 5 Mid-Market-Marking

Then,

∆H =
(
D − ĈS

)
· ∆S +

(
yℓ ·S · D − Ĉt

)
· ∆t − 1

2 ĈSS · ∆S2 (4.64)

− λ · S · |∆D| − λ · ∆S · |∆D| ,

D = ĈS , (4.65)

and (4.41) and (4.42) still hold for E
[
|∆D|

]
and E

[
∆S ·|∆D|

]
. We get the

classic non-linear PDE4:

Ĉt + (r − yℓ)SĈS + 1
2σ2S2

(
ĈSS + λ·L·|ĈSS|

)
= rĈ (4.66)

CAUTION to the numerical solver when λ·L > 1 : regions with ĈSS < 0
incur stability inversion implicit methods (and Crank-Nicolson) can be-
come locally unstable. Insiduously, you may not notice until it is too late,
so watch out when

λ > 0.6266 · σ
√

∆t !
4we cannot set |ĈSS| = ĈSS since ĈSS is locally negative
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4 Cash-settled options, à la Leland, but not quite 5 Mid-Market-Marking

We remove discounting and go to logarithmic coordinates

U := er·(T −t) · Ĉ S = S0 · ex+(r−yℓ)·t (4.67)

whence

Ut + 1
2σ2 ·

(
Uxx − Ux

)
+ λ·L· 1

2σ2 ·
∣∣Uxx − Ux︸ ︷︷ ︸

S2·USS

∣∣ = 0 . (4.68)

First order implicit finite differencing with discretisation ∆x means, in each
backward induction step (t + ∆t) t, solving an equation of the form

u − δ · A · u − δ · λ·L · |A · u| = rhs (4.69)

for the value vector u(t) with

δ = σ2∆t
2∆x2

(
σ2∆t
4∆x2 for Crank-Nicolson

)
. (4.70)
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4 Cash-settled options, à la Leland, but not quite 5 Mid-Market-Marking

The matrix A is with standard (martingale, i.e., absorbing) boundary con-
ditions given as

A =



0 0 0 · · · 0
a− −2 a+ 0 ·
0 a− −2 a+ 0 ·
· · · ·
· 0 a− −2 a+ 0
· 0 a− −2 a+
0 · · · 0 0 0


, (4.71)

where
a± = 2

1 + e±∆x
. (4.72)

This formulation is also called the martingale-preserving diffusion stencil.
It ensures that the forward is exactly preserved in the backward induction.

[Mutatis mutandis equally useful in the context of local volatility models, etc.]
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4 Cash-settled options, à la Leland, but not quite 5 Mid-Market-Marking

An intuitive and commonly used approach to solve the piecewise linear sys-
tem (4.69) is to write it as

M(u) · u = rhs (4.73)
with

M(u) := 1− δ · (1+ λ·L · diag(ϕ(A·u))) · A , (4.74)

where the vector function ϕ(·) is defined element-wise

ϕi(z) := sign(zi) , (4.75)

and to solve it via the fixed-point iteration rule

M(un) · un+1 = rhs , (4.76)
i.e., formally,

un+1 = M(un)−1 · rhs . (4.77)

This works well5, but why?
5Caveat: λ·L < 1 to ensure stability of the backward induction.
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4 Cash-settled options, à la Leland, but not quite 5 Mid-Market-Marking

Compare with the formulation as a Newton-Raphson method via

f(u) := M(u) · u − rhs . (4.78)

Since ϕ(·) is a piecewise constant function, its gradient is zero (except at
its discontinuity), and thus we get

∇u · f(u) = M(u) . (4.79)

The Newton-Raphson step ∆un in the iteration

un+1 := un − ∆un ∆un = un − un+1 (4.80)

is the solution to
∇u · f(un) · ∆un = f(un) . (4.81)

Substituting yields

M(un) · (un − un+1) = M(un) · un − rhs (4.82)

giving us
M(un) · un+1 = rhs (4.83)

which is exactly the same as the fixed-point rule (4.76).
■
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4 Cash-settled options, à la Leland, but not quite 5 Mid-Market-Marking

With Mid-Market-Marking, we only charge a one-way transaction cost for
the hedge at inception, giving us

vshort call = Ĉ + λ · |ĈS | · S . (4.84)

The boundary condition, however, changes in a nasty way between the hedge
of a short (call) and a long (call) position:

Ĉ
lc(S, T ) =

(
S

1+λ − K
)

·1{S>K} = 1
1+λ ·

( vanilla︷ ︸︸ ︷
(S − K)+−λ·K ·

digital︷ ︸︸ ︷
1{S>K}

)
.

(4.85)
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C
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S

nasty gamma

K = 1

λ = 10%
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5 Numerical results Comparing like for like

We will now look at some numerical results to compare.

Note that wherever we show results as implied volatilities, these have been
computed using the deal-specific forward

Fℓ/b = S0 · e(r−yℓ/b)T .

We emphasize that it makes a difference whether you use ȳ, yℓ, or yb when
comparing as implied volatilities.

The rule for the option market maker (OMM) is to use for pricing6

yℓ and ε = λ
1−λ when the OMM’s option position is short the underlying,

yb and ε = λ
1+λ when the OMM’s option position is long the underlying,

and α2 = σ2 · (1 ± ε · L) for being short/long the option (where applicable).

The used parameters are:-

S0 = 100 r = 5% σ = 25% T = 1 yℓ = 2.2%
6of any short/long deal in any call/put option
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5 Numerical results for Exit-Value-Marking

Short call. Expansion approach. ε ≈ λ = 0.5%, ∆t = 1/250, λ · L ≈ 0.5.
C0 := e−rT · V (0) computed analytically with α ≈ 30.7%.
C1 := e−rT · V (1) numerically (Crank-Nicolson) via (4.61).
Typical exchange λ ≈ 0.05%.
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implied from C = C₀ + ε · C₁ [right ordinate]

C1 is indeed of magnitude ε · K and contributes little to the price!
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5 Numerical results for Exit-Value-Marking

Short call. No expansions.
C: full numerical solution of third order PDE (4.50).
C0 := e−rT · V (0) computed analytically with α ≈ 30.7%.
C1 := (C − C0)/ε computed from C and C0.
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Vxxx is fully explicit here. I’d need to improve these numerics...
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5 Numerical results for Exit-Value-Marking

Include initial hedge costs (expansion approach results): v = Ĉ + 2·ε·|ĈS |·S0
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implied from v

IN THE MONEY OUT OF THE MONEY

Any contribution of C1 is completely swamped by the impact of the initial hedge cost.

These results would justify the use of the analytical form (Leland’s).
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5 Numerical results for Mid-Market-Marking

Short call. λ = 0.5%, ∆t = 1/250, λ · L ≈ 0.5.
C(σLeland): analytical value of (4.63). σLeland = σ2 ·

√
1 + λ·L ≈ 30.67%.

C: nonlinear numerical solution of (4.66) with payoff (4.63).
v = C + λ·|CS |·S0.
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IN THE MONEY OUT OF THE MONEY

Incredible agreement between the two different approaches!
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5 Numerical results Comparison

Why this agreement?
In a nutshell, setting r = y = 0, and assuming α ≈ σLeland, we have for the
Exit-Value-Marking approach to lowest order the short call price

vEVM ≈ B(S, K, α, T, +1) + 2λ·S ·∂SB(S, K, α, T, +1) (5.1)
= S ·Φ(d1) − K ·Φ(d2) + 2λ·S ·Φ(d1) (5.2)

and for the Mid-Market-Marking approach
vMMM ≈ 1

1−λ

[
B(S, K, α, T, +1) − λ·K ·∂KB(S, K, α, T, +1)

]
(5.3)

+ λ·S ·∂SB(S, K, α, T, +1) + O(λ2)

=
[
S ·Φ(d1) − K ·Φ(d2) + λ·K ·Φ(d2)

]
· (1 + λ) (5.4)

+ λ·S ·Φ(d1) + O(λ2)

= S ·Φ(d1) − K ·Φ(d2) + λ·K ·Φ(d2) + λ·S ·Φ(d1) (5.5)
− λ·K · Φ(d2) + λ·S ·Φ(d1)

= S ·Φ(d1) − K ·Φ(d2) + 2λ·S ·Φ(d1)
■

. (5.6)
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6 Conclusion

Conclusion

Physically settled options expose the option market maker to an exercise
gap risk when transaction costs are non-zero.

Cash-settled options give option buyers the same coverage of their risk-
management needs as physically settled options. All it takes is some strike
and notional adjustment.

Cash-settled options are the common ground for option dealers and option-
buying or option-selling clients.

To understand the replication of even the humble forward contract, seen
as a derivative, we must take the change in the hedge amount, ∆D, to
order ∆t. This seems to have been missed in the literature thus far.
Truncation at O(

√
∆t ) leads to contradictions.
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6 Conclusion

We can choose to analyse the cost-impaired replication of cash-settled
options either via “IFRS”, i.e., Exit-Value-Marking of the net hedged port-
folio at any time t, or via Mid-Market-Marking.

Exit-Value-Marking requires no terminal closing-out adjustment — the
terminal boundary condition of the PDE is (S − K)+.
We do, however incur a third order PDE .

We saw numerically that the third order EVM PDE term is insignificant,
and understood this analytically via an expansion in λ:

the O(λ) term is itself generated by an O(λ) source term.

Mid-Market-Marking analysis results in a (mildly) non-linear PDE. We
saw how the “fixed-point” iteration to solve it is in fact identical to a
Newton-Raphson iteration. The contribution of the non-linearity is small.
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6 Conclusion

Mid-Market-Marking requires an explicit closing-out adjustment, render-
ing the problem as a vanilla plus a digital. This decomposition allows us
to approximate the valuation analytically.

Both EVM and MMM require taking into account an initial cost term.
This term contributes significantly but seems to have been neglected in
the literature.

Both EVM and MMM allow for analytical approximation with, essentially,
the same adjusted volatility already derived by Leland in 1985.

EVM and MMM results agree very well, something we would have hoped
for given that both approaches are meant to solve the same problem.

We saw analytically, via expansion, the reason for the agreement.
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6 Conclusion

Rigorous treatment of cash-settled options is not as simple as I had hoped,
but we can see by our analysis and numerical results that analytical ap-
proximations are well justified.

The easiest way to price cash-settled swaptions is as a vanilla option with
Leland’s adjusted volatility

σ2
Leland = σ2 · (1 ± λ·L)+ , (6.1)

where ± is for short/long, with L given by

L :=
√

8/π

σ
√

∆t
, (4.20)

plus initial hedge costs, making the total price

v = C + 2λ·|CS |·S0 + O(λ2) . (6.2)
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